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The two-channel Kondo impurity model realizes a local non-Fermi liquid state with finite residual
entropy. The competition between the two channels drives the system to an impurity quantum crit-
ical point. We show that the out-of-time-ordered (OTO) commutator for the impurity spin reveals
markedly distinct behaviour depending on the low energy impurity state. For the one channel Kondo
model with Fermi liquid ground state, the OTO commutator vanishes for late times, indicating the
absence of the butterfly effect. For the two channel case, the impurity OTO commutator is com-
pletely temperature independent and saturates quickly to its upper bound 1/4, and the butterfly
effect is maximally enhanced. These compare favourably to numerics on spin chain representation
of the Kondo model. Our results imply that a large late time value of the OTO commutator does
not necessarily diagnose quantum chaos.
I. INTRODUCTION
Non-Fermi liquids with finite residual entropy at van-
ishing temperature are peculiar states of matter, which
hold the promise to be relevant for holography and can
constitute the holographic duals of black holes [1]. Par-
ticularly interesting in this context is the Sachdev-Ye-
Kitaev model [2–5], describing randomly interacting Ma-
jorana fermions, which could possibly be related to quan-
tum gravity.
In order to diagnose information scrambling and the re-
lated quantum butterfly effect in the Sachdev-Ye-Kitaev
model, the out-of-time-ordered (OTO) commutator [4]
was proposed [2, 3] as
C(t) = −
〈
[V ,W (t)]
2
〉
≥ 0. (1)
Here, V and W are some local hermitian operators, and
W (t) = exp(iHt)W exp(−iHt). Assuming, that the
involved V and W operators commute at t = 0, the
C(t) measures how commutativity is destroyed during
the time evolution. For a sufficiently chaotic system,
the commutator is argued to exhibit exponential tem-
poral growth [6, 7], bounded by a thermal Lyapunov ex-
ponent [8] and to become large in the long time limit,
hence the butterfly effect appears. This occurs through
the vanishing of the 〈V W (t)V W (t)〉 OTO correlator,
investigated in a variety of systems [9–16], and recently
measured experimentally [17–19]. In systems displaying
Fermi liquid behavior [7, 14, 20], the large time limit of
C(t) seems to approach zero, a behaviour which is as-
sociated to the presence of the fermionic excitations at
the Fermi surface. On the other hand, the quasiparticle
picture is lost in a non-Fermi liquid, and understanding
the behaviour of C(t) is important in such exotic states.
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Non-Fermi liquid phases arise typically in strongly in-
teracting models, where enhanced quantum fluctuations
destroy fermionic excitations and give way to collective
modes [21–23]. Among the quantum impurity models,
the two channel Kondo (2CK) model, which has already
been realized experimentally [24–26], is the most promis-
ing candidate as it occurs at an impurity quantum critical
point (iQCP) and displays a non-Fermi liquid behavior.
In spite of being a traditional condensed matter model,
its holographic realization has already attracted atten-
tion [27].
In contrast to the one channel Kondo (1CK) prob-
lem, where the ground state becomes a Fermi liquid and
the impurity spin is completely screened at low tempera-
tures [28], in the two channel version the physics is dras-
tically different. When the two channels are symmetri-
cally coupled to the impurity, the conduction electrons
within each channel compete without success to screen
the impurity. This frustration creates a non-Fermi liq-
uid ground state, reflected in a ln 2/2 residual entropy as
half of the impurity degrees of freedom are completely
decoupled [29]. The 2CK behaviour occurs at an iQCP
between two 1CK regions, whose possible order parame-
ter has attracted revived interest quite recently [30, 31].
Therefore, it looks relevant to address the behaviour
of the OTO commutator in the anisotropic 2CK model,
realizing both 1CK and 2CK physics with the hope of
disentangling the effect of the Fermi vs. non-Fermi liq-
uid character of the ground states on C(t). We find that
although the simple commutator of the impurity spin a` la
Kubo formula is temperature dependent, the OTO com-
mutator turns out to be completely temperature inde-
pendent for the perfect 2CK model. While commutativ-
ity in the OTO commutator is restored at late times for
the 1CK case, the 2CK model features a maximally en-
hanced late time value C(t → ∞) = 1/4 and a maximal
quantum butterfly effect. As we show, this occurs due
to the decoupled Majorana mode in the 2CK case. We
2emphasize that unlike in chaotic models, where the OTO
correlator is expected to vanish [6], for the 2CK model
this correlator changes sign with respect to its t = 0
value during the time evolution, and the late time value
of the OTO commutator is twice as big as expected in
suitably chaotic systems, even though the 2CK model is
integrable and not chaotic.
II. THE KONDO IMPURITY MODEL
The two-channel Kondo impurity model Hamilto-
nian [28] is given by
HK =
2∑
j=1
{∑
p,s
ǫ(p)c+p,s,jcp,s,j +
∑
γ=x,y,z
Jγ,jsγSγ,j(0)
}
,
(2)
where Sγ,j(0) =
∑
s,s′ Ψ
+
s,j(0)σ
γ
s,s′Ψs′,j(0), s denotes
the spin quantum number of the conduction electrons,
ǫ(p) is their kinetic energy, the σ’s are Pauli matrices,
sx,y,z stands for the impurity spin components, ck,s,j and
Ψs,j(0) are the conduction electron annihilation opera-
tors with spin s and channel j in momentum and real
space, respectively. In addition, we require XXZ cou-
plings as Jx,j = Jy,j and Jz,1 = Jz,2. In case of chan-
nel isotropy, i.e. Jx,1 = Jx,2, Eq. (2) realizes the 2CK
model, otherwise the low energy physics is governed by
the one channel case, and a crossover to the two-channel
behaviour can occur with increasing energy, unless the
model is completely anisotropic.
Upon Abelian bosonization [21, 22], this problem can
be mapped onto the Majorana resonant level (MRL)
model [29]. This reads as
Hmrl = H0(ξ) +H0(η)− i I+√
2πα
a ξ(0)− i I−√
2πα
b η(0),
(3)
where a = a+, b = b+ are the impurity Majorana op-
erators with a2 = b2 = 1/2, ξ(x) and η(x) stem from
the Majorana representation of conduction electrons [22],
H0(ζ) = iv
∫
dxζ(x)∂xζ(x) with v the Fermi velocity,
I± = (Jx,1±Jx,2)/2 measures the channel anisotropy and
Jz,1 = 2πv at the Emery-Kivelson [29] or Toulouse [22]
point, where the above MRL model description holds, α
plays the role of the remnant of the lattice constant in the
low energy theory, and its inverse serves as a high energy
cutoff. Note that Eq. (3) contains a linearized disper-
sion for the conduction electrons, and neglects curvature
effects, as is customary in similar approaches [21].
The (ξ, a) part of the Hamiltonian commutes with the
(η, b) sector, therefore the dynamics of the two Majoranas
decouples and can be considered separately. The I− = 0
marks the iQCP, and the low energy physics is equivalent
to 2CK, while for I+ = I−, the low energy dynamics of
the 1CK case is realized. In between, a crossover from
one to two-channel behaviour takes place with increasing
energy, and I− < I+. The z component of the impurity
spin, what we are going to investigate here, is sz = iab,
while the other spin components are more complicated
due to the involved unitary transformations in the map-
ping from Eq. (2) to Eq. (3) via Refs. [21, 22, 29].
III. MAJORANA PROPAGATORS
Since the MRL model is quadratic, the Matsubara
Green’s function of the local Majorana operators are
evaluated as G−1a,b(iωn) = iωn + iΓa,bsign(ωn), where
ωn is the fermionic Matsubara frequency, and Γa,b =
I2±/(4πvα), respectively. The schematic phase diagram of
the anisotropic 2CK model with the crossover regions is
depicted in Fig. 1. At short times or high energies, the
spin is practically not influenced by the electrons, and
behaves as a free spin. With increasing time/decreasing
energy, we enter into the 2CK regime, unless the model
is completely anisotropic and corresponds to 1CK. The
late time behaviour is of 2CK type only in case of perfect
isotropic couplings, otherwise it is dominated by 1CK
physics.
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FIG. 1. Schematic ”phase diagram” of the anisotropic two
channel Kondo model at zero temperature in the time or en-
ergy domain. Only for Γb = 0 is the low energy physics gov-
erned by the two channel Kondo effect.
We emphasize that the MRL model in Eq. (3) corre-
sponds to the strong coupling limit of the Kondo prob-
lem, when the exchange coupling, Jz,1 is of the order
of the electronic bandwidth. Consequently, Γa,b is not
the Kondo temperature but rather describes how fast
we move along the Emery-Kivelson line towards the in-
finitely strong coupling fixed point [22]. As noted above,
at the Emery-Kivelson point, I− = 0 and one of the Ma-
jorana modes decouples completely at the iQCP, and its
Green’s function becomes 1/iωn.
In the following, we will need the propagator of the
Majorana fermions in real time. We follow Ref. [32] to
obtain
Fa(t) = 〈a(t)a〉 =
∞∫
−∞
dω
ρa(ω)
exp(ω/T ) + 1
exp(−iωt), (4)
and ρa(ω) = −ImGa(iωn → ω+ i0+)/π = Γa/(ω2+Γ2a)π
is the density of states, T is temperature and simi-
lar expression holds for the b Majorana fermion with
Γa → Γb change. Since Γb < Γa, it is the b Majorana
field which decouples completely from conduction elec-
tron when I− = 0, in which case its density of states
becomes a Dirac-delta function as ρb(ω) = δ(ω), and
Fb(t) ≡ 1/2.
3At t = 0, Fa,b(0) = 1/2, in accord with the definition
of Majorana operators. At T = 0, the above integral is
performed analytically to yield
Fa(t) =
1
2
exp(−Γat) + i
2π
∑
s=±
s exp(−sΓat)Ei(sΓat),
(5)
where Ei(x) is the exponential integral function [33]. For
late times, the propagator decays as Fa(t ≫ 1/Γa) =
i/(πΓat). It is important to note that temperature in-
fluences only the imaginary part of the Majorana prop-
agator, the real part remains temperature independent,
i.e. ReFa,b(t) = exp(−Γa,bt)/2 for all temperatures. Its
imaginary part acquires an additional exp(−πT t) factor
to the power law decaying part.
IV. ANALYTICAL RESULTS FOR THE SIMPLE
AND THE OTO COMMUTATORS OF THE
IMPURITY SPIN
Let us start with the simple commutator of the impu-
rity spin, whose Fourier transform is the dynamic spin
susceptibility [29], χ(ω), accessible by e.g. electron spin
resonance or neutron spectroscopy. It is given by
K(t) = i〈[sz(t), sz]〉 = 2Im (Fa(t)Fb(t)) . (6)
For the 2CK case at T = 0, Fb(t) = 1/2, there-
fore it decays in a power law fashion for long times as
K(t ≫ 1/Γa) ∼ 2/πΓat, which translates to a dynamic
spin susceptibility as Imχ2CK(ω) ∼ sign(ω) at low fre-
quencies [29]. Away from the two channel point, the low
energy physics is determined by the 1CK effect, therefore
K(t ≫ 1/Γb) ∼ exp(−Γbt)/πΓat, giving rise to a spin
susceptibility Imχ1CK(ω) ∼ ω at low energies [34]. For
1/Γa ≪ t≪ 1/Γb, on the other hand, the 2CK behaviour
is recovered. In the isotropic situation with Γa = Γb,
there is no crossover towards the two channel behavior,
and the decay for t≫ 1/Γa is K(t) ∼ 2 exp(−Γat)/πΓat.
The hierarchy of energy scales is clearly observable, and
depending on the anisotropies, there can be a wide
enough temporal window to catch 2CK in the act. At
finite and large enough temperatures, i.e. T > Γa,b, the
damping factor Γa,b in the exponents is replaced by the
temperature. The Emery-Kivelson point thus reproduces
the generic behaviour of the Kondo model for K(t), as
we also show below in Fig. 3.
The OTO commutator for the impurity spin reads as
C(t) = −〈[sz(t), sz]2〉, (7)
which, based on the Cauchy-Schwarz inequality, is
bounded from above for a spin-1/2 impurity as C(t) ≤
4‖sz‖4 = 1/4. Using the fact that s2z = 1/4, the OTO
commutator simplifies to
C(t) = 2
(
1
24
− Ref(t)
)
, (8)
where the OTO correlator is defined as
f(t) = 〈sz(t)szsz(t)sz〉. (9)
Keeping in mind that sz = iab and the fact that (ξ, a)
and (η, b) sectors commute the OTO correlator can be
factorized as
f(t) = 〈a(t)aa(t)a〉〈b(t)bb(t)b〉. (10)
Then, since MRL Hamiltonian in Eq. (3) is quadratic, its
ground state is a Slater determinant. For such a state,
we use the decoupling in each sector. In the (ξ, a) sector
we have [35]
〈a(t)aa(t)a〉 = 〈a(t)a〉2 − 〈a(t)a(t)〉〈aa〉 + 〈a(t)a〉〈aa(t)〉
= Fa(t)
2 − 1
4
+ |Fa(t)|2 (11)
= 2Fa(t)ReFa(t)− 1
4
where we have used that Fa(−t) = F ∗a (t) and a2 =
a(t)2 = 1/2. Similar considerations apply also to the
b(t) Majorana operators. Then the OTO correlator is
expressed exactly as
f(t) =
∏
q=a,b
(
2Fq(t)ReFq(t)− 1
4
)
. (12)
The OTO correlator starts from 1/16 at t = 0 and re-
covers its initial value for 1CK at late times while for the
2CK, it approaches −1/16.
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FIG. 2. The sz OTO commutator is shown in the perfect
one- and two channel cases at T = 0, Γa = Γb (black) and
Γb = 0 (blue), respectively, exhibiting also the crossover for
Γb = Γa/2000 (red). The dashed line denotes T ≫ Γa for the
channel isotropic 1CK, when the imaginary part of the Majo-
rana propagator vanishes. The perfect 2CK is T independent
while for the crossover case, all finite T data falls on top of
the zero temperature curve.
Having the formalism implemented, we can now com-
pute the OTO commutator. For the 2CK, it depends only
on the real part of Fa(t) from Eq. (5) since Fb(t) ≡ 1/2
4is purely real, hence it is completely independent of the
temperature. Although the iQCP is located at T = 0,
its makes its presence felt also in the finite temperature
response[36]. The OTO commutator is evaluated at ar-
bitrary times as
C2CK(t) =
1− exp(−2Γat)
4
t→∞−−−→ 1
4
, (13)
saturating to a finite value at late times. For the one
channel case with general anisotropies, the OTO com-
mutator exhibits very mild temperature dependence (see
Fig. 2), albeit at late times it becomes temperature in-
dependent and vanishes as
C1CK(t→∞) ∼ exp(−2Γbt)
4
. (14)
This agrees with the late time limit of Eq. (13) in the
2CK limit, when Γb = 0. Note that the temperature
independence of the OTO commutator appears to be a
generic feature in a non-Fermi liquid ground state, as it
was also found in Luttinger liquids as well [20]. Eq. (8)
predicts an initial linear increase in time, though Eq. (1)
only allows for a quadratic time dependence, since a
high energy cutoff, accounting for the bandwidth of con-
duction electrons in Eq. (2), was sent to infinity. Had
we retained this cutoff, the correct t2 increase would
be recovered. For the two channel case at late times,
i.e. t ≫ 1/Γa, the OTO commutator reaches it maxi-
mal possible value: it consists of 4 terms, each of which
is bounded from above by 1/16, since they all contain
4 spin-1/2 operators. Each term takes on its maximal
value, therefore C(t)→ 1/4 rapidly with increasing time
for 2CK, though the model itself is integrable. The max-
imal value of the squared commutator implies that in
the long time limit, the squared anticommutator van-
ishes, i.e. 〈{sz(t), sz}2〉 t→∞−−−→ 0. Note that in a suitably
chaotic system, the OTO commutator is expected to sat-
urate to 2/24 = 1/8, exactly half of the value for the
2CK case. These features are shown in Fig. 2 for zero
and very high temperatures. For intermediate tempera-
tures, the OTO commutator takes a value between the
two extreme temperature limits.
In terms of information scrambling, the local Fermi liq-
uid ground state of the 1CK behaves similarly to that in
a Fermi gas, namely that the initially zero value of the
commutator is recovered at late times. As opposed to
that, the 2CK case qualifies as a slow information scram-
bler due to the initial power-law increase of the OTO
commutator, while the large late time value parallels to
the one found in another non-Fermi liquid system, in a
Luttinger liquid [20] The scrambling time, i.e. the time
at which the enhancement occurs, is given by 1/Γa.
V. NUMERICS
In order to test the validity of the analytical predictions
discussed in Sec. IV, at the Emery-Kivelson point one can
either use perturbation theory by considering additional
marginal terms in the Hamiltonian [37], which are e.g.
responsible for the logarithmic corrections ∼ T ln(T ) for
the specific heat in the 2CK case [29], or one can resort to
numerics where all these additional processes are taken
into account exactly. We have decided to follow the lat-
ter option, therefore, in this section we test numerically
the predictions for the OTO commutators discussed in
Sec. IV.
To start with, we have investigated the long time
dynamics of K(t) using the numerical renormalization
group (NRG) approach [38] which is the method of choice
in quantum impurity problems. For that, we have com-
puted the spin sz susceptibility χ(ω) and then took
the Fourier transform to get the temporal dependence
in K(t). It confirms that even away from the Emery-
Kivelson point, our temporal scaling discussed in Sec IV
remains intact. A typical comparison between the ana-
lytical results and the NRG data for K(t), in the long
time limit t > 1/Γa is displayed in Fig. 3 which clearly
shows the strong ∼ exp(−Γat)/Γat decay for the 1CK
and the power like ∼ 1/Γat decay for the 2CK problem.
t Γa
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K2CK(t→∞) ≃ 2/piΓat
FIG. 3. Comparison of the long time behavior t & 1/Γa
for the K(t → ∞) and the NRG results obtained by Fourier
transform the spin susceptibility.
On the other hand, the NRG calculation of the OTO
correlator would require besides the matrix elements of
the sz operator between the ground state and an excited
state, i.e. 〈0|sz|n〉, the matrix elements between two arbi-
trary excited states, i.e. 〈m|sz|n〉, which spoils the NRG
calculation for C(t). In this way the NRG is no longer
suitable to compute the OTO commutator and we need
to rely on other methods such as exact diagonalization
or the time evolving block decimation. These approaches
shall be discuss in Sec. VB.
A. Spin Kondo model
The standard Kondo Hamiltonian, i.e. Eq. (2), con-
tains the Heisenberg interaction between the impurity
spin and the non-interacting electrons. The spin Kondo
5model neglects the charge degrees of freedom but ac-
counts properly for the spin. In this way it reduces con-
siderably the size of the Hilbert space, making it more
amenable for numerically exact studies on finite chains.
The spin chain representation of the one channel Kondo
model (1CK) was originally introduced in Refs [39, 40],
while its extension to two channels is straightforward [31].
The 2CK version for the spin Kondo model consists of
two open Heisenberg chains coupled to a spin-1/2 impu-
rity, whose Hamiltonian is [30, 31]
H =
∑
m=L,R
[
J ′m
(
J1s · S1m + J2s · S2m
)
+
+J1
Nm−1∑
l=1
S
l
m · Sl+1m + J2
Nm−2∑
l=1
S
l
m · Sl+2m
]
, (15)
where s and Slm represent the impurity spin and the
spin at site l in channel m, respectively, and Nm is the
number of spins in chain m and the total number of
spins is N = NL + NR + 1. The second and the third
terms in Eq. (15) contain nearest-neighbor (∼ J1) and
next-nearest-neighbor (∼ J2) spin interactions in the two
(L/R) channels. In the first term, j
(1/2)
L/R = J
′
L/RJ1/2 are
the antiferromagnetic Kondo couplings between the im-
purity spin s and spins in the two channels. The one
channel version of the model can be obtained simply by
setting J ′R = 0, i.e. decoupling one lead, in Eq (15). The
Hamiltonian (15) with J2 = 0 is Bethe ansatz integrable
with a gapless spectrum. As J2 becomes finite, a transi-
tion to a dimerized phase takes place at J
(c)
2 ≈ 0.2412 J1
and the energy spectrum becomes gapped. In the numer-
ical calculation it is then suitable to choose J2 = J
(c)
2 ,
otherwise a marginal coupling arises, producing logarith-
mic corrections that spoil the numerical data.
Furthermore, it has been shown in Ref. [39] that at
the critical point J2 = J
(c)
2 the usual Kondo physics de-
scribed by the regular Hamiltonian (2) is exactly cap-
tured by the spin version, i.e. Eq. (15). This observation
allows us to speed-up the computation substantially. In
this regard, the main appeal of using the spin chain rep-
resentation, i.e. Eq. (15), is that while the local impu-
rity Hilbert space has the same size as for Eq. (2), the
Hilbert space for the conduction electrons is severely re-
duced: the original model contains two spinful channels,
with local Hilbert space dimension of 4 × 4 = 16 (each
for comes from empty, spin up, spin down and doubly
occupied states), while the spin only lattice realization
requires two spinless channels with local Hilbert space
dimension of 2× 2 = 4.
In general the nature of the Kondo effect, and the
Kondo temperature TK in particular, is controlled by the
dimensionless couplings as J ′L = J
′
R for 2CK, while in the
1CK situation only by J ′ = J ′L for example, as J
′
R is fixed
to zero. In the 1CK problem, for J ′ ≤ 1, TK , which is the
typical energy scale for the formation of Kondo effect, is
large and comparable to J1 (see inset of Fig. 6). We use
this observation in our favour as it allows us to follow the
time evolution of the system for t≫ 1/TK.
B. Time evolving block decimation and Exact
diagonalization
In this section we present details for the calculation of
the OTO commutator for the spin versions of the 1CK
and 2CK models by using numerical time evolving block
decimation (TEBD) and exact diagonalization (ED). In
both approaches we actually compute the OTO correla-
tor f(t) = 〈sz(t)szsz(t)sz〉, out of which the full commu-
tator C(t) is then constructed using Eq. (8).
Let’s discuss first the TEBD approach. The calcula-
tion is done in two steps: (i) starting from a random
state we perform an imaginary time evolution to find an
approximation for the ground state, |ΨGS〉, (expressed
as a matrix product state (MPS)) [41] then, (ii) we do a
real time evolution to compute the OTO correlator f(t).
We compute |Ψ1(t)〉 = eiHtsze−iHtsz|ΨGS〉 by first act-
ing with the sz operator (expressed as a Matrix Product
Operator (MPO)) on |ΨGS〉 followed by a forward in time
evolution i.e. applying the operator U→(t) = e
−iHt, up
to time t. Then, we act again with the sz and do a back-
ward in time evolution, U←(t) = e
iHt and get the state
|Ψ1(t)〉. In a similar way, with some interchanged oper-
ations, we compute |Ψ2(t)〉 = szeiHtsze−iHt|ΨGS〉. The
OTO correlator f(t) can be regarded as the overlap of
these two states, f(t) = 〈Ψ2(t)|Ψ1(t)〉.
The calculation of OTO correlator with the ED ap-
proach implies a two step procedure also: (i) Finding
the ground state within the ED is done by representing
the Hamiltonian in Eq. (15) numerically as a square ma-
trix with size 2N × 2N with N = NR +NL + 1 the total
number of spins. As the Hamiltonian (15) is SU(2) in-
variant, when finding the ground state we project the
Hamiltonian into the S = 0 spin sector when N is even,
or in the S = 1/2 sector for N odd to reduce the size of
the Hilbert space. Then, the ground state is evaluated
using the Lanczos algorithm. Let us mention that we
have checked our results on the OTO correlator with the
projection to those without any projection, and found
perfect agreement. (ii) The second step is somehow sim-
ilar to the one described within the TEBD previously
with the only remark that the time evolutions are evalu-
ated using the Krylov method [42], therefore the explicit
evaluation of e−iHt can be avoided. In Fig. 4 we present
the results for C(t) computed with the two methods and
find really good agreement. To be able to compare the
two approaches we have used chains with lengths of the
order N ≈ 20, for which ED is still tractable, but the
later time correlator becomes affected by finite size ef-
fects for t & 15 ÷ 20/J1 in both 1CK and 2CK models.
To get C(t) at much later times, we need to increase
the system size, which is only possible within the TEBD
approach. On the other hand the TEBD suffers from en-
tanglement growth, therefore it also breaks down at some
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FIG. 4. Typical comparison between the exact diagonaliza-
tion (ED), (solid blue lines) and time evolving block decima-
tion (TEBD) (symbols) for the OTO commutator for 1CK
(upper panel) and 2CK (lower panel). In both cases the total
system size, including the local spin(s) is fixed to N = 21.
longer times as well. In Fig. 5 we present the finite size
effects for the C2CK(t). For chainlengths N ≈ 40, later
times of the order t ≈ 30/J1 are reachable. Furthermore,
C(t → ∞) approaches the infinite value ∼ 0.15 slightly
larger than 1/8 for which the OTO correlator f(t) van-
ishes.
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FIG. 5. The effect of system size on the OTO commutator
C2CK(t) computed using the TEBD algorithm. When the
system size is N=23, the break down occurs at t ≃ 12/J1 due
to entanglement growth, while for larger system sizes much
later times are accessible. The parameters are fixed to J ′R,L =
0.8.
In the rest of this section we shall discuss the gen-
eral features characterizing the OTO commutator. After
an initial sharp peak, the OTO commutator saturates
to a constant, which is larger than what is expected for
spin-1/2 operators in a chaotic system [6–8] (i.e. 1/8)
for 2CK, while takes on a rather small value for 1CK. In
both cases, the OTO correlator starts from 1/16 at t = 0,
but changes sign to take a negative late time value for the
2CK, while for the 1CK, it re-approaches its initial value,
1/16 at late times. These highlight the important differ-
ence between the 1CK and 2CK cases and the influence
of the iQCP on the OTO commutator.
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FIG. 6. The ED data for the OTO commutator for the 1CK
(red dashed line) and 2CK (blue solid line) is plotted for
J ′L = 0.7, J
′
R = 0, NL = 21 and J
′
R,L = 0.8, NL = NR = 11,
respectively. Finite size effects are already present for later
times. The thick green dashed lines denotes the expected late
time value when the OTO correlator vanishes in e.g. chaotic
systems. The inset shows the scaling of the Kondo tempera-
ture for 2CK [43] as TK = 1.82J1 exp(−0.82/J
′) (black solid
line), deduced from the position of the initial sharp peak (blue
circles).
The numerical results agree with our analytical find-
ings, even though due to the comparable J1 and TK in the
numerics, we cannot reach the universal TK ≪ J1 limit,
where probably the values at the Emery-Kivelson point
would be recovered. For smaller J ′, a more enhanced
OTO commutator (very close to its maximal value, 1/4)
seems to emerge for 2CK from the numerics together with
more suppressed late time value for 1CK, though the time
evolution cannot be tracked due to finite size effects as we
cross over to a Kondo box [44], when the level spacing be-
comes larger than the Kondo temperature. Nevertheless,
the distinct behaviour of the local Fermi vs. non-Fermi
liquid ground states is clearly observable.
By associating the Kondo temperature to the sharp
peak in C(t), its expected scaling, TK ∼ exp(−|c|/J ′)
is confirmed in the inset of Fig. 6. We suspect that in
order to reach the predicted universal values 0 and 1/4
in C(t ≫ 1/TK) for 1CK and 2CK, respectively, much
bigger system sizes with much smaller Kondo temper-
ature would be required. The spin-only lattice realiza-
tion of the two channel Kondo model, Eq. (15), is non-
integrable. Therefore, we speculate that this interferes
with non-Fermi liquid nature of the ground state and
influences the OTO commutator: for ergodic systems,
the above commutator is expected to reach 1/8 at late
times [6, 7]. The numerical data indeed indicates that the
late time value is in between 1/8 and 1/4, expected for
chaotic systems and for the integrable 2CK, respectively.
7VI. CONCLUSION
We have investigated the OTO correlator around an
impurity quantum phase transition in the Kondo model
analytically and numerically. By making use of its map-
ping onto the Majorana resonant level model, we identify
a temperature independent OTO commutator for the im-
purity spin in the two channel case, in contrast to its sim-
ple commutator counterpart. Though this excludes the
Lyapunov growth, the late time value of the OTO com-
mutator reveals salient features of the underlying models.
For the single channel realization, the ground state is a
Fermi liquid and the OTO commutator vanishes at late
times (or at most preserves a tiny finite value) and the
quantum butterfly effect is absent. For the two channel
model, on the other hand, the competition between the
two channels in trying to screen the impurity spin pro-
duces a local non-Fermi liquid ground state. The OTO
commutator exhibits a sizeable late time value in spite of
the integrability of the model, representing an enhanced
butterfly effect. This is a direct consequence of fractional-
ization as a Majorana mode from the impurity decouples
completely.
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